Abstract. In this paper we investigate the regularity of stable-stationary harmonic maps. By assuming that the target manifolds do not carry any stable harmonic S 2 , we obtain some compactness results and regularity theorems. In particular, we prove that the Hausdorff dimension of the singular set of these maps cannot exceed n − 3, and the dimension estimate is optimal.
Introduction
In this paper we are centered on the regularity of stationary harmonic maps. Many important contributions to the regularity theory of minimizing harmonic maps have been made. It has been established by Schoen-Uhlenbeck [15] for general cases, and independently by Giaquinta-Giusti [4] for the case where the image of maps is contained in a single chart, that any minimizing harmonic map in H 1,2 (M, N ) is smooth except for a singular set where the Hausdorff dimension of the singular set is less than or equal to n − 3. Recently, inspired by Hélein's beautiful work [6] on weakly harmonic maps from a two-dimensional domain, it was proved by Evans [3] in the case with values into spheres and by Bethuel [2] in general that any stationary harmonic map is smooth away from a singular set Z with H n−2 (Z) = 0 where H n−2 denotes (n − 2)-dimensional Hausdorff measure. Another major work in this direction was done by Fanghua Lin [10] ; by a technical analysis of the singular set, he found the stratification phenomenon and proved that if the target manifold does not carry any harmonic S 2 , then the singular sets of stationary harmonic maps are m ≤ n − 4 rectifiable. On the other hand, Rivière [13] constructed a weakly harmonic map which has singularities almost everywhere in M , but it is not stationary. All known examples of stationary weak harmonic maps have singular set Z with dim (Z) ≤ n − 3. An interesting open problem is whether one can improve the estimate of the Hausdorff dimension of the singular set for stationary harmonic maps; it was conjectured by R.Hardt, see the survey [11] , that the singular sets have the same Hausdorff dimension estimate as in the minimizing harmonic map' case. Recently, Hong [7] and Hong and Wang [8] gave a partial answer to this problem. They get the optimal estimate of stationary harmonic maps from M into S k (k ≥ 4) under the 'stable' condition or in the stable inequality condition. In this paper, we give a different approach to regularity of stationary harmonic maps. In contrast to the work of Hong and Wang [8] , we use the stratification method and get a more geometrical condition to ensure compactness of the sequence of stationary harmonic maps, and finally get the optimal estimate of the Hausdorff dimension of the singular set. Our methods here are based on Lin's recent work [10] . Furthermore, in another paper [5] we get a similar result for the regularity of k-indexed stationary harmonic maps. We assume that n, m are integers with n ≥ 3, Ω is a domain of R n with smooth boundary, and N denotes an m-dimensional compact Riemannian manifold which may be considered as embedded in R l by Nash's theorem. We define the space
and define the Dirichlet energy of
where ∇u is the gradient of u. We recall that u : Ω → N is a weakly harmonic map if u belongs to H 1,2 (Ω, N) and satisfies
in the sense of distribution, where A (·, ·) denotes the second fundamental form of N embedded in R l . We say that a harmonic map u is stable if the second variation of E (u, Ω) is nonnegative, i.e.
Φ t , and
The index of a harmonic map u (denoted by Ind (u)) is the maximal dimension of a linear subspace of Γ(u −1 (T N)) on which the second variation form of E (u, Ω) is negative definite. The nullity of u is the dimension of the subspace of Jacobi fields, an element U ∈ Γ(u −1 (T N)) being called a Jacobi field if
We say that a harmonic map u is stationary if for each vector field
or in other words,
We give the definition of a stable-stationary weakly harmonic map. 
A compactness lemma and proof of the theorem
In this section, we give the proof of Theorem 2. We need the following result for stationary harmonic maps, which can be found in the work of Lin [10] .
where ε 0 is the constant in the small energy regularity ( [15] , Theorem 2.2; see also [2] ,Theorem I.4).
We call this map the blowing-up harmonic map and denote it by u b . Now, we are ready to prove the following key lemma. 
Lemma 2.2. Let u
, by the diagonal subsequence argument, we can get a subsequence of u 
Here and in what follows we denote by B n r (y) the metric ball centered at y with radius r in R n , B 
We consider the Hardy-Littlewood function
, which is defined by
By the weak type (1, 1) inequality for M F i (x), we have
for any λ > 0. So from (2.2) we have
As in the proof of Lemma 3.1 of Lin's work ( [10] , Lemma 3.1), by the partial regularity theorem of Bethuel [2] for stationary harmonic maps and (2.3), we can find a sequence of points x
and that
Also for all i sufficiently large, we may find x i and δ i with x i ∈ B (0) and
, which satisfy that the maximum (2.6) max
is achieved at x i , and δ i → 0, as i → ∞ (for the details of how to get the existence of x i and δ i one may see the proof of Lemma 3.1 in Lin's work [10] ).
Set
i , x i , for some q i ∈ Ω, and γ i → 0, as i → ∞. From the assumption of the lemma we know that if u i (x) are stable harmonic maps, then v i (y) are also stable harmonic maps. That is, (2.7)
(Ω − q i )). Furthermore, the v i (y) are stationary harmonic maps defined on 
. Therefore by the small energy regularity theorem [2] , we have v i → u b (we also denote by v i , one may take a subsequence if necessary) in
The limiting map u b is a smooth harmonic map defined on B
Moreover from (2.12) and (2.13), by the strong convergence of v i → v b , we have (2.14)
) with compact support. Therefore we get a smooth, nonconstant harmonic map u b : R 2 → N of finite energy which satisfies (2.14). Hence by Sacks-Uhlenbeck's [14] theorem, u b is a smooth nonconstant harmonic map from S 2 to N which is stable. This completes the proof of the lemma.
Lemma 2.2 is obvious from Lemma 2.3.
Remark 2.4. Along the same line as the proof of Lemma 2.3, we can prove the following result. N) is a sequence of stationary harmonic maps, with a uniformly bounded energy satisfying (2.15)
for some positive constant A, and H n−2 (Σ) > 0, then the blowing-up harmonic map u b also satisfies the stable inequality (2.16)
The following Liouville-type result governs the occurrence of blowing-up harmonic maps, which also illustrates some connection between the stable condition and stable inequality. Proof. We choose ϕ t x to be
Substituting ϕ t x into (2.16), we have
.
Letting t tends to +∞, we conclude that u b must be constant.
For the further relation between the stable inequality and the stable condition one may see Wei's work [16] .
Combining the above remark and proposition, we conclude that H n−2 (Σ) = 0, and hence we give a different proof of the compactness lemma in Hong and Wang's work [8] , which is a key step in their paper.
Proof of Theorem 2. Without loss of generality, assume that u is a stable-stationary weakly harmonic map from Ω into N where N does not carry any stable harmonic maps S 2 , and Z is the singular set of u. Let 0 ≤ s < n − 2 be such that H s (Z) > 0. Then by the well-known density results, we have (2.17) lim
for a sequence r → 0. Assume the origin is one of the singular points and rescaling u (x) as u λ (x) = u (λx 
Since ∂u 0 ∂r = 0, we have λZ 0 ⊂ Z 0 for any λ > 0. So we repeat the Federer reducing dimension argument (see Corollary 1.10 in [10] ). As in [15] , we find an integer m and harmonic map u j ∈ H 1,2 R n , S k for j = 1, · · ·, m such that the u j are stable-stationary,
where Z j is the singular set of u j . We repeat the argument until s − m ≤ 0. Since s ≤ n − 2, we then have m ≤ n − 2 . It is impossible for m = n − 2 since H n−2 (Z) = 0. Therefore we have s ≤ n − 3. This shows that the Hausdorff dimension of the singular set Z is less than or equal to n − 3.
To get the extent of the manifold N which does not carry stable harmonic S 2 , let us recall a famous index estimate result by Micallef and Moore [12] . For the case of a stable-stationary harmonic map, there are many contributions to Liouville-type theorems along these lines, for example, the condition 2-superstrongly unstable manifold introduced by Wei and Yau [17] . At least the above theorem gives other types of results in this direction.
It is an interesting problem to reveal the relation of the regularity of the harmonic map with the curvature condition of the target manifold N when N has positive sectional curvature. Here our theorems gives evidence of these connections.
